Abstract. We study the growth of X and p ∞ -Selmer groups for isogenous abelian varieties in towers of number fields, with an emphasis on elliptic curves. The growth types are usually exponential, as in the setting of 'positive µ-invariant' in Iwasawa theory of elliptic curves. The towers we consider are p-adic and l-adic Lie extensions for l = p, in particular cyclotomic and other Z l -extensions.
Introduction
The algebraic side of the Iwasawa theory of elliptic curves is concerned with the study of the structure of Selmer groups in cyclotomic Z p -extensions of Q, and other towers of number fields. The aim of the present paper is to systematically study the behaviour of Selmer groups for isogenous elliptic curves E, E ′ or abelian varieties. The isogeny makes it possible to bypass Iwasawa theory and, in particular, avoid any assumptions on the reduction types. Moreover, it allows us to work with p ∞ -Selmer groups in general l-adic towers, both for l = p and l = p. For instance, we construct elliptic curves whose p-primary part of the Tate-Shafarevich group goes off to infinity in all l-cyclotomic extensions of Q, in contrast to Washington's theorem that the p-part of the ideal class group is bounded in these extensions for l = p.
We show that in the nth layer of the p-cyclotomic tower of Q, the quotient |X E [p ∞ ]|/|X E ′ [p ∞ ]| (if finite) is p µp n +O (1) , as though it came from an Iwasawa module with λ-invariant 0 and µ-invariant µ, except that µ may be fractional when E has potentially supersingular reduction at p. Our formula for µ is explicit and surprisingly simple, and there is similar behaviour in other p-adic and l-adic towers. It would be interesting to understand the structure theory of the associated Selmer groups that gives rise to such growth.
Our main results for Z l -extensions and general Lie groups are as follows:
Theorem 1.1. Let ∪ n Q(l n ) be the l-cyclotomic tower, p a prime and E, E ′ two isogenous elliptic curves over Q. Then for all large enough n,
for some ν ∈ Z, some |ǫ(n)| 8 1 / 2 and µ ∈ 1 12 Z given by
) if l = p and ord p (j E ) 0.
If l = p or l does not divide the degree of the isogeny E → E ′ , then ǫ(n) = 0. Here and throughout the paper Q(l n ) denotes the degree l n -extension of Q in the cyclotomic Z l -extension. We write ∆ E , ∆ E ′ for the minimal discriminants 1 and j E , j E ′ for the j-invariants of the two curves, Ω E , Ω E ′ for the Birch-Swinnerton-Dyer periods (see §2), and X • for the Tate-Shafarevich group X modulo its divisible part X div . Write also Sel p ∞ for the p ∞ -Selmer group, Sel div p ∞ for its divisible part, rk p for its Z p -corank 2 , c v for the Tamagawa number at v, and f Kv/Qp for the residue degree of K v /Q p . The big O notation refers to the parameter n. Theorem 1.2. Let K be a number field, p a prime number, and K ∞ = ∪ n K n a Z l -extension of K, with [K n : K] = l n . Let φ : E → E ′ be an isogeny of elliptic curves over K, with dual isogeny φ t . Then
where the sum is taken over primes v of bad reduction for E/K, and If rk p E/K n is bounded, then
[p ∞ ]| = p µl n +O(1) as well. Theorem 1.3. Suppose K is a number field and K ∞ /K a Galois extension whose Galois group is a d-dimensional l-adic Lie group; write K n /K for its nth layer in the natural l-adic Lie filtration. Let p be a prime number, and φ : A → A ′ an isogeny of abelian varieties over K, with dual φ t : A ′t → A t .
(1) If A is an elliptic curve, then there is µ ∈ Q such that
(2) If either A, A ′ are semistable abelian varieties or they are elliptic curves that do not have additive potentially supersingular reduction at primes v|p that are infinitely ramified in K ∞ /K, then there are constants µ 1 , ..., µ d−1 ∈ Q such that for all sufficiently large n, 1 If the base field is not Q, there may be no global minimal model. We then regard ∆E, ∆ E ′ as ideals that have minimal valuation at every prime.
2 Thus, rkp A/K = rk A/K + t if X Remarks 1.4.
(1) If p ∤ deg φ, then the p ∞ -Selmer groups and the p-part of X cannot have φ-torsion, so the corresponding quotients in Theorems 1.1-1.3 are trivial.
The results can be reduced to those for isogenies of p-power degree.
(2) In Theorems 1.1, 1.2, the quotient
is a rational number (Lemma 2.3). For p-isogenous curves over Q it is 1 or p ±1 , see [9] Thm 8.2. The term
) is 0 unless E has additive potentially supersingular reduction at p, see [9] Table 1 . In this exceptional case, µ does not have to be an integer, see Example 1.6.
]-module, then the invariant µ of Theorem 1.2 is µ(E)−µ(E ′ ), the difference of the classical µ-invariants of the two Selmer groups over K ∞ . In this setting, Theorem 1.2 is equivalent to a theorem of Schneider (for odd p), see [25, 23] .
(4) Suppose E/Q has good ordinary reduction at p. Then the dual p ∞ -Selmer group of E over the p-cyclotomic extension over Q is a torsion Iwasawa module, by Kato's theorem [16] . A conjecture of Greenberg ([13] Conj 1.11) asserts that the isogeny class of E contains a curve of µ-invariant 0. Granting the conjecture, Theorem 1.1 implies that (i) In the isogeny class of E/Q the curve E m with the largest period Ω Em has µ-invariant 0 at all primes of good ordinary reduction.
Thus, the theorem provides a conjectural formula for the µ-invariant. We note here that Greenberg's conjecture is known not to hold in general over number fields, see [11] .
(5) Greenberg (see [12] Exc. 4.3-4.5) has observed that if φ : E → E ′ is a p-isogeny over K whose kernel is µ p , then the map
induced by the inclusion µ p ⊂ E[p] gives a way to construct classes in the p-Selmer group of E. The units of K contribute to the Selmer group, and the rank of the unit group is ∼ [K : Q]. In particular, one can exhibit µ-like growth of Sel p (E) in towers K n /K. It would be interesting to similarly explain the Selmer growth in Theorems 1.1-1.3 for p-power isogenies with arbitrary kernels.
(6) By a theorem of Washington [32] , for p = l the p-part of the ideal class group is bounded in the l-cyclotomic tower. Theorem 1.2 provides examples of elliptic curves over Q for which the analogous statement for the Tate-Shafarevich group fails, see e.g. Example 1.5.
In the opposite direction, Lamplugh [20] has recently proven the following analogue of the theorem of Washington for elliptic curves E/Q with complex multiplication by the ring of integers of an imaginary quadratic field K. Let p > 3, l > 3 be distinct primes of good reduction of E that split in K/Q. Lamplugh proves that if K n is the nth layer of the unique Z l -extension of K unramified outside one of the factors of l in K, then the p ∞ -Selmer group of E over K n stabilises as n → ∞.
(7)
The constants µ and µ 1 , ..., µ d in Theorem 1.3 can be made explicit, as in Theorem 1.2. Following the proof of Theorem 8.7, this requires the knowledge of the decomposition and inertia groups at bad primes; the other ingredients are computed in Proposition 8.5. 
A standard computation with cyclotomic Euler characteristics (e.g. as in [6] §3.11) shows that for every ordinary prime l for which a l = 1, e.g. l = 3, 7, 13, 17, ..., the curves have rank 0 over Q(l n ), for all n 1. For such primes ν l , ν ′ l can be taken to be 1 and the number of primes above 11 in n Q(l n ), respectively 3 . For l = 5, these bounds are exact, as X 11A3/Q(5 n ) is known to have trivial 5-primary part for all n 1. Example 1.6 (Potentially supersingular reduction). Let E/Q be an elliptic curve with good supersingular reduction at p, and K n = Q(p n ), the nth layer in the p-cyclotomic tower. By a theorem of Kurihara [19] , under suitable hypothesis,
Note that such curves cannot have a p-isogeny, by a theorem of Serre ([27] Prop. 12). In contrast, elliptic curves over Q with additive potentially supersingular reduction at p can have a p-isogeny, and there are examples for which
with µ > 1. For instance, there is a 9-isogeny φ : 54A2 → 54A3. These curves have potentially supersingular reduction at p = 3, and
By Theorem 1.1, there is a constant ν such that for all large enough n,
3 So ν ′ l is almost always 1 as well; for l < 10 7 the only exception is l = 71. Example 1.7 (False Tate curve tower). To illustrate Theorem 1.3 for a higher-dimensional l-adic Lie group, let K n = Q(ζ 3 n , 3 n √ 7), a 'false Tate curve tower' in the terminology of [15, 6] . Let E = 11A1 and E ′ = 11A3, as in Example 1.5. We find (see Example 3.3) that either
Example 1.8. Let K ∞ be the unique Z 2 5 -extension of Q(i) and let K n be its nth layer; thus Gal(K n /Q) ∼ = C 5 n × D 2·5 n . If we take the 5-isogenous curves E = 75A1, E ′ = 75A2 over Q, with additive potentially supersingular reduction at 5, we find that (see Example 3.4)
So the assumption that E does not have potentially supersingular reduction in Theorem 1.3(2) cannot be removed, as the µ i may fluctuate with n. Example 1.9. As opposed to the cyclotomic extensions, for general Z l -extensions of number fields there is an extra term in µ coming from Tamagawa numbers (compare Theorem 1.2 with Theorem 1.1). For example, consider the 5-isogeny 11A1 → 11A3 as in Example 1.5 in the 5-anticyclotomic tower K ∞ of K = Q(i). Because 11 is inert in Q(i), and so totally split in K ∞ /K, there is a µ-contribution from the Tamagawa numbers (5 and 1) in this Z 5 -extension, but not in the cyclotomic one.
Remark 1.10 (CM curves with
is cotorsion over the Iwasawa algebra of Gal(K ∞ /K), then it has a well-defined µ-invariant as in classical Iwasawa theory. Theorem 1.2 gives a formula for its change under isogenies in terms of elementary invariants, and allows us to generate examples with positive µ-invariant. Consider, for instance, elliptic curves with complex multiplication and good ordinary reduction at p. Such examples over Q with a p-isogeny are almost non-existent: there are 13 CM j-invariants over Q, and there is only one with a p-isogeny that admits good reduction at p. It is j = −3 3 
(This is easy to check from the table of CM j-invariants [30] Appendix A and by computing the isogenous curves, e.g. in Magma [2] .) The simplest example with these j-invariants is
Here Ω 49A1 /Ω 49A2 = 2, and so 49A2 does have positive µ-invariant for p = 2 as well as unbounded 2-part of X in every cyclotomic Z l -extension of Q, by Theorem 1.1. Assuming Greenberg's conjecture (Remark 1.4(4)), the curve 49A2 and p = 2 is the unique example (up to quadratic twists) of a good ordinary CM curve over Q with positive µ-invariant.
Over larger number fields, other examples are easy to construct. For instance, the curve
and has CM by Z + 5iZ. It has good ordinary reduction at the prime above 5, and is 5-isogenous to y 2 = x 3 +zx. Computing the periods and applying Theorem 1.2, we find that it should have positive µ-invariant both over the Z 5 -cyclotomic extension of K, and over every
5 . The 5 ∞ -Selmer group of E over F ∞ is conjectured to satisfy the M H (G)-conjecture of non-commutative Iwasawa theory [5] . As John Coates remarked to us, this example provides evidence for the conjecture as follows. Similar arguments to those given in [4] would show that the M H (G)-conjecture implies that the G-µ-invariant of the Selmer group over F ∞ would have to be equal to the usual µ-invariant of the Selmer group over the cyclotomic Z 5 -extension of K(i), which we have shown to be non-zero. Thus, granted the M H (G)-conjecture, it would follow that the G-µ-invariant of the Selmer group over F ∞ would have to be positive, and then an easy further argument shows that the µ-invariant over every Z 5 -extension of K(i) would also be positive, in accord with what we have proven.
Brief overview of the paper. To control the change of Selmer groups, we invoke the theorem on the invariance of the Birch-Swinnerton-Dyer conjecture under isogeny by Cassels and Tate [3, 31] . This is recalled in Theorem 3.1 in §3, after we introduce a convenient choice of periods in §2. Pretty much the rest of the paper studies how the terms of the BirchSwinnerton-Dyer formula behave in towers of local fields and number fields: minimal differentials ( §4), Tamagawa numbers ( §5), torsion ( §6) and the divisible part of Selmer ( §7). At the end of §3 we also give some examples how this procedure works. Theorems 1.1-1.3 are proved in §8. In §4, §5 we rely on the results of [9] that describe how local invariants of elliptic curves change under isogeny.
The appendix ( §9) concerns the behaviour of conductors of elliptic curves and Galois representations in field extensions. There is no assumption on the existence of an isogeny here, and the results may be of independent interest.
Notation. We write E, E ′ for elliptic curves and A, A ′ for abelian varieties. We usually have an isogeny E → E ′ or A → A ′ , denoted by φ. Its dual E ′ → E or (A ′ ) t → A t is denoted by φ t . Number fields are denoted by K, F, ..., and l-adic fields (finite extensions of Q l ) by K, F, .... We also use the following notation:
Néron minimal exterior form of an abelian variety at a prime v (minimal differential for an elliptic curve)
the nth layer of the cyclotomic Z l -extension of Q, i.e. the unique totally real degree l n subfield of
φ-torsion, p-primary component of an abelian group X ⌊·⌋, {·} integer part (floor) and fractional part {x} = x−⌊x⌋
Any two non-zero invariant exterior forms ω 1 , ω 2 on an abelian variety A/K are multiples of one another, ω 1 = αω 2 with α ∈ K. We will write ω 1 /ω 2 for the scaling factor α.
When K is an l-adic field, recall that an elliptic curve E/K has additive reduction if and only if it has conductor exponent f E/K 2, and that f E/K = 2 if and only if the ℓ-adic Tate module of E is tamely ramified for some (any) ℓ = l. We will call this tame reduction, and wild if f E/K > 2. If l 5, the reduction is always tame. We remind the reader that E/K has potentially good reduction if v(j E ) 0 and potentially multiplicative reduction if v(j E ) < 0.
Finally, an l-adic Lie group G is a closed subgroup GL k (Z l ) for some k; it has a natural filtration by open subgroups, the kernels of the reduction maps mod l n .
We use Cremona's notation (such as 11A1) for elliptic curves over Q.
Periods
We introduce a convenient form of periods of abelian varieties over number fields, that are model-independent and well-suited for the Birch-SwinnertonDyer conjecture.
Definition 2.1. An abelian variety A/K has a non-zero invariant exterior form ω, unique up to K-multiples. If K = C, we define the local period
If K is a number field, define the global period
Here v runs through places of K, and the term at v in the first product is the normalised v-adic absolute value of the quotient of ω by the Néron minimal form at v.
Remark 2.2. Note that both Ω * A/Kv and Ω A/K are independent of the choice of ω, by the product formula for the second one.
An elliptic curve E/Q can be put in minimal Weierstrass form, with the global minimal differential ω = dx 2y+a 1 x+a 3 .
Then Ω E/Q = Ω E/R,ω , which is the traditional real period Ω + or 2Ω + , depending on whether or not E(R) is connected. If E(C) = C/Zτ +Z under the usual complex uniformisation, then Ω * E/R = Im τ . Lemma 2.3. Let φ : A → A ′ be an isogeny of abelian varieties over a number field K. Then both
and, for real places v,
are positive rational numbers. They have trivial p-adic valuation for all p ∤ deg φ.
Proof. Fix a non-zero invariant exterior form
This is a positive rational, and considering the conjugate isogeny φ ′ : A ′ → A (so that φ ′ • φ, φ • φ ′ are the multiplication-by-deg φ maps), we see that the only prime factors of | ker | and | coker | are those dividing deg φ. The claim for Ω * now follows.
As for the global periods,
has trivial p-adic valuation at primes p ∤ deg φ.
Lemma 2.4. Let φ : A → A ′ be an isogeny of abelian varieties over a number field K, and F/K a finite extension. Then
where v runs over places of K and w over places of F above v.
Proof. Choose an invariant exterior form ω for A/K. We compute the terms in Ω A/F using ω.
A/Kv,ω . If v is real, then, writing Σ + , Σ − for the set of real and complex places w|v in F , we have
Multiplying the terms over all places v of K gives the claim.
Remark 2.5. For elliptic curves, the term ω min v /ω min w relates to the behaviour of the minimal discriminant of E in F w /K v (cf. [29] 
BSD invariance under isogeny
We now state a version of the invariance of the Birch-Swinnerton-Dyer conjecture under isogeny for Selmer groups (see page 7 for the notation).
Theorem 3.1. Let φ : A → A ′ be a isogeny of abelian varieties over a number field K, and φ t : A ′t → A t the dual isogeny. If the degree of φ is a power of p, then
Otherwise, the left-hand side and the right-hand side have the same p-part.
Proof. This is essentially [7] Thm 4.3, that says
The term Q(φ) in [7] in exactly Sel
Corollary 3.2. Let φ : A → A ′ be an isogeny of abelian varieties over a number field K with dual φ t : A ′t → A t , and F/K a finite extension. If the degree of φ is a power of p, then
where v ranges over places of K, and w|v are places of F . If φ has arbitrary degree, then the left-hand side and the right-hand side have the same p-part.
Proof. Combine Theorem 3.1 with Lemma 2.4.
Corollary 3.2 is our main tool for studying the Selmer growth in towers in §8. As we now illustrate, it already enables us to construct explicit examples of interesting growth of Selmer and X. The general behaviour of the Tamagawa number quotient will be discussed in §5, torsion quotient in §6, and the contribution from exterior forms in §4, under the name of Om φ (F w ).
, a 'false Tate curve tower' in the terminology of [15, 6] , and let φ : E = 11A1 → E ′ = 11A3 be the 5-isogeny as in Example 1.5. A result of Hachimori and Matsuno [14] Thm 3.1 and a cyclotomic Euler characteristic computation as in [6] §3.11 show that rk E/K n = rk 3 E/K n = 0 for all n 1. Therefore
and similarly for E ′ . The periods of the two curves are
and both curves have torsion of size 5 over all K n . Applying Corollary 3.2, we find that either X E/Kn [5 ∞ ] is infinite for some n, or
Example 3.4 (Fluctuation in Selmer growth). In the previous example, the quotient of the Tate-Shafarevich groups grew like 5 3 2n−1 −3 n . Theorem 1.3 shows that such growth of the form p polynomial in l n is a general phenomenon. However, the assumption on primes of additive potentially supersingular reduction is essential, as we now illustrate.
Consider the following curves over Q, that are connected by a 5-isogeny
They have non-split multiplicative reduction at p = 3, of Kodaira type I 1 and I 5 , respectively, and additive potentially supersingular reduction at p = 5, of Kodaira type IV and IV * , respectively. Their periods are
Both curves have trivial torsion over Q(i), and therefore no 5-torsion over K n , by Nakayama's lemma.
By Corollary 3.2,
The prime p = 3 is inert in Q(i) and in the 5-cyclotomic tower, and the prime above it in Q(i) is totally split in the 5-anticyclotomic tower of Q(i).
So there are 5 n primes above 3 in K n . The curves E and E ′ have split multiplicative reduction at each of them (of type I 1 and I 5 ), and so
The Tamagawa numbers at v|5 in K n are coprime to 5 (potentially good reduction), but they do contribute to the quotient of ω's. Specifically, there are two primes v + n , v − n above 5 in K n (one above 2 + i and one above 2 − i in Q(i)), both with residue degree 5 n and ramification degree 5 n .
Remark 2.5 lets us the compute the ω-term.
The valuation ord v (∆ E/Kn ) ∈ {0, 1, ..., 11} is uniquely determined by the congruence
Therefore, 1 12
Similarly, the corresponding term for E ′ is ⌊ 8·5 n 12 ⌋, and we find that
Combining everything together, we deduce that
Minimal differentials
In this section we investigate the behaviour of the last term in Corollary 3.2 (contribution from the exterior forms) in towers of local fields. We study its valuation, denoted Om φ (F) below, and how it changes with F. 
where k F is the residue field of F and | · | F the normalised absolute value.
Proof.
(1) The minimal models of A, A ′ and the minimal exterior forms over K stay minimal over F. (2) Ditto for F ′ /F.
We now restrict our attention to elliptic curves. The term v F
measures the extent to which the minimal Weierstrass model of E/K fails to stay minimal over F, and Om φ (F) is zero if the models of E and E ′ change by the same amount. The relation to minimal discriminants is as follows:
Notation 4.3. Let φ : E → E ′ be an isogeny of elliptic curves over K. Write 
Proof. Using [29] 
and similarly for E ′ .
Theorem 4.5. Let F/K be a finite extension of l-adic fields of ramification degree e, and φ : E → E ′ an isogeny of elliptic curves over K. Then
and
Write ð = 0, 2, 3, 4, 6, 8, 9, 10 if E has Kodaira type I 0 , II, III, IV, I * n 0 , IV * , III * , II * respectively, and similarly
Here r is any real number
where f E/K is the conductor exponent of E, and L is the subfield of F cut out by the upper ramification group I r K . Proof. By Lemma 4.4,
The claims are trivial if φ is an endomorphism E → E. Decomposing the isogeny if necessary, it is clear that in (1)- (3) we may assume that deg φ = p is prime.
(1) Theorem 5.1 of [9] (or [9] Table 1 ) describes the change in the discriminant under isogenies of prime degree. If E has potentially good reduction, and either l = p or E has good or potentially ordinary reduction, then δ = δ ′ , δ F = δ ′ F . If E has potentially multiplicative reduction, then
. In both cases the right-hand side of ( †) is 0.
(2) If E/K has tame reduction, the reduction stays tame over F. Furthermore, 0 δ, δ ′ , δ F , δ ′ F < 12 by [9] Thm. 3.1. Because the discriminant changes by 12th powers when changing the model,
and ( †) implies the asserted formula. (3) By [10] Thm. 3,
and the claim follows from ( †). (4) Write m, m ′ for the number of components of the Néron minimal models of E/F and E ′ /F. As l = 2, by [30] §IV.9 
Therefore by ( †),
If, moreover, 3|e, then 3|δ F , δ ′ F . In this case |δ F − δ ′ F | 6 and |ǫ(F)| 1 2 . (5) By Ogg's formula and [22] Thm. 2, we have f E/F δ F 4f E/F . As E and E ′ have the same conductor, the same bounds hold for δ ′ F , and so |δ F − δ ′ F | 3f E/F . By Theorem 9.4 in the appendix,
The claim follows from ( †), with ǫ(F) =
Remark 4.6. Note that in Theorem 4.5 (3), the formula µ = ð ′ −ð 12 may not be replaced by δ ′ −δ 12 . For example, the 2-isogenous curves 64A1, 64A4 over Q 2 have type I * 2 , δ = 12, ð = 6 and type II, δ ′ = 6, ð ′ = 2, respectively, and δ ′ − δ = ð ′ − ð. If E/K has tame reduction, e.g. if K has residue characteristic 5, then δ = ð and the two formulae are the same.
Corollary 4.7. Let K n = Q l (p n ) be the completion of the nth layer of the p-cyclotomic tower at a prime above l, and let φ : E → E ′ be an isogeny of elliptic curves over Q l . Then
and µ = ǫ(n) = 0 unless l = p | deg φ and E has additive potentially supersingular reduction. In this exceptional case, writing δ = ord l ∆ E/Q l and δ ′ = ord l ∆ E ′ /Q l , we have
If, moreover, E has tame reduction, then ǫ(n) = { . By [21] , we have f E/Q 2 2 + 6v Q 2 (2) = 8. So we can take 3 < r < 4, L = Q 2 (2 2 ) and e = 4 (or L = Q 2 (2), e = 2 if n = 1).
2 , which gives the bound of 6.5 as r → 3. Remark 4.8. If l = p > 3, then every curve over K with potentially good reduction is tame, so ǫ(n) in Corollary 4.7 is explicit. If l = p, it is zero, and for l = p = 3 it can be made explicit as well using Ogg's formula as follows:
Suppose E/K n has wild reduction for all n. The conductor exponent of E/K n stabilises by Corollary 9.6 in the appendix, and the number of components m on the Néron minimal model satisfies 1 m 9 (cf. proof of Thm 4.5 (4)). Therefore the congruence δ Kn ≡ e Kn/Q l δ mod 12 determines both m and δ Kn uniquely. The same is true for E ′ , and we get an explicit formula for ǫ(n) = for large n. Let us also observe that ǫ(n) ∈ {− 1 2 , 0, 1 2 } for large n in this case. Indeed, the ramification degree e Kn/Q l is divisible by 3, and so δ Kn − δ ′ Kn is also divisible by 3. By Lemma 2.4 and Theorem 4.5 (4),
and so |δ Kn −δ ′ Kn | 6. Moreover, δ Kn −3δ ′ Kn ≡ 0 mod 4 ([9] Thm 1.1), so they have the same parity, whence δ Kn − δ ′ Kn ∈ {−6, 0, 6}.
Tamagawa numbers
We now turn to the behaviour of the Tamagawa number quotient from Corollary 3.2 in towers of l-adic fields.
. be a tower of l-adic fields, and φ : E → E ′ an isogeny of elliptic curves over K. Then the sequence
stabilises unless l| deg φ, e Kn/K → ∞ and E/K has wild potentially supersingular reduction (in particular l = 2, 3). In this exceptional case, and in all other cases when E has potentially good reduction, all terms in the sequence are in {1, 2, 3, 4, }. Proof. First, if e Kn/K → ∞, then the extensions K n+1 /K n are eventually unramified, so the Tamagawa numbers of E and E ′ stabilise.
Next, suppose either l ∤ deg φ or E is not wild potentially supersingular. If E = E ′ there is nothing to prove. Otherwise, by decomposing φ into endomorphisms and isogenies of prime degree if necessary, we may assume that deg φ = p is prime. Now apply the classification for the quotient c c ′ from [9] Table 1 . All the conditions in the table that determine c c ′ (e.g. that E is good, ordinary, additive, split multiplicative, has non-trivial 3-torsion, v(j E ) = pv(j E ′ ), etc.) stabilise in the tower K n , and hence so does the quotient. Now suppose that E, E ′ have potentially good reduction. In particular, the reduction is good or additive over all K n , and so 1 c E/Kn , c E ′ /Kn 4 ([30] §IV.9, Table 4 .1). To prove the claim, it suffices to check that if one of them, say c E/Kn is 3, the other cannot be 2 or 4. Indeed, c E/Kn = 3 implies that E has Kodaira type IV or IV * and c E ′ /Kn ∈ {2, 4} that E ′ has type III, III * , I * 0 , I * n (loc. cit.). Such curves cannot be isogenous, since (a) for l = 2 the former types are tame and the latter are wild ( [18] Prop 8.20), (b) for l = 3 the former are wild and the latter are tame ( [17] Thm. 1), (c) for l > 3 the curve E ′ also has type IV or IV * , e.g. from [9] Table 1 or by considering the valuations of minimal discriminants and the smallest fields where the curves acquire good reduction. • p if E/K n has split multiplicative reduction for some n, and
p if E/K n has split multiplicative reduction for some n, and
• 1 in all other cases. Corollary 5.3. If φ : E → E ′ is an isogeny of elliptic curves over Q, and Q(l n ) is the nth layer in the l-cyclotomic tower, then the sequence
stabilises, unless l| deg φ and E has wild potentially supersingular reduction at l (in particular, l = 2, 3). In this exceptional case, for all sufficiently large n, the terms are of the form C · α n for some constant C and some α n ∈ {1, 2, 3, 4, As an example, take the 3-isogeny E = 243A1 → 243A2 = E ′ over Q(3 n ), and consider the Tamagawa numbers at primes above 3. As in Remark 4.8, one may compute the minimal discriminants and the number of components of the Néron minimal model (and thus the Kodaira types). We find that the Kodaira types of E, E ′ alternate between IV * , II and II * , IV. The Tamagawa numbers for types II and II * are always 1 ([30] §IV.9, Table 4 .1), and they turn out to be 3 for the IV, IV * cases, so that the Tamagawa quotient alternates between 3 and 1 3 . (To see that they are 3, we use the fact that over a local field K/Q 3 , the parity of ord 3 c(E ′ /K) c(E/K) can be recovered Om φ (K), the local root number w(E/K), and the Artin symbol (−1, K(ker φ t )/K); see [8] Thm 5.7. In our case, Om φ (K) is computed as in Remark 4.8, the local root number is +1 over Q 3 and is unchanged in odd degree Galois extensions, and the points in ker φ t are defined over Q, so that the Artin symbol is trivial.)
Finally, we record the fact that Theorem 5.1 also holds for semistable abelian varieties: 
Kn/K , for some constants C, C ′ . Here e is the ramification degree, and r denotes the rank of the split toric part of A/K n (and of A ′ /K n ) for large enough n. The claim follows.
Torsion
To deduce the exact growth of X from the isogeny invariance of the BirchSwinnerton-Dyer conjecture, we need to control torsion in the Mordell-Weil group in towers of number fields. This is the purpose of this section.
. be a tower of number fields, and φ : A → A ′ an isogeny of abelian varieties over K of degree p k m, p ∤ m. Then for every n 1,
If A has finite p-power torsion over n K n , then the quotient stabilises.
has kernel of size at most p k , the left-hand quotient is at most p k . The same argument applied to the conjugate isogeny φ ′ : A ′ → A (with φ • φ ′ the multiplication-by-p k map) gives the first claim. The second claim is clear, as both
Corollary 6.2. Let K be a number field, K ∞ = n K n its cyclotomic Z l -extension, and A, A ′ /K isogenous abelian varieties. Then for every prime p the sequence
By the Imai-Serre theorem (see [24] ), A has finite torsion over K ∞ . Remark 6.3. If A = E is an elliptic curve over K = Q, and K n /Q are Galois, the assumption that E has finite p-power torsion over K ∞ = n K n simply means that K ∞ does not contain the full p-division tower Q(E[p ∞ ]). Indeed, if E/K ∞ has infinite p-power torsion and K ∞ /Q is Galois but does not contain Q(E[p ∞ ]), then E[p n ] has a Galois stable cyclic subgroup of order p n and so a cyclic p n -isogeny for every n 1. Since E cannot have CM over Q, this is impossible by Shafarevich's theorem on the finiteness of isogeny classes.
Divisible Selmer
The ultimate global invariant that we need to control is the divisible part of the p ∞ -Selmer group. Its Z p -corank rk p A/K is conjecturally the MordellWeil rank, which is hard to bound in general towers of number fields K n /K. As a result, we only give elementary bounds on | Sel
| in terms of rk p A/K n and prove some stabilisation results that we will need in §8.
Lemma 7.1. Let φ : A → A ′ be an isogeny of abelian varieties over a number field K, and p a prime number. Then
Proof. Let d = deg φ, and let φ ′ be the conjugate isogeny, so that φ ′ • φ is multiplication by d. Then it is clear that
. be a tower of number fields, φ : A → A ′ an isogeny of abelian varieties over K, and p a prime number. Then
Proof. Apply Lemma 7.1 to φ and φ t . Lemma 7.3. Let F/K be a Galois extension of number fields, and A/K an abelian variety. Then
Proof. First observe that for every n 1,
, and the kernel of Res :
by the inflation-restriction sequence, and so is clearly killed by M . Because Sel p ∞ is the injective limit of the Sel p n , the asserted kernel on Sel p ∞ and on Sel div p ∞ is also killed by M . As Sel
Theorem 7.4. Let K be a number field, A/K an abelian variety, p a prime number and K ⊂ K 1 ⊂ K 2 ⊂ . . . a tower of Galois extensions of K. Suppose that both A(K n )[p ∞ ] and rk p A/K n are bounded as n → ∞.
(1) There exists n 0 such that the restriction maps
Proof. (1) Because rk p A/K n rk p A/K n ′ for n n ′ , the p ∞ -Selmer rank eventually stabilises. Replacing K by some K m , we may thus assume that rk p A/K n is independent of n. The maps J n,n ′ have finite kernels by Lemma 7.3, so they must then be surjective.
By assumption, A has finite p-power torsion over K n , say of order M . The (increasing) sequence | ker J 0,n | is bounded by Lemma 7.3, so it stabilises, say at n 0 . Now suppose n 0 n n ′ . The map J n,n ′ cannot have non-trivial kernel because J 0,n ′ = J n,n ′ • J 0,n , the kernels of J 0,n and of J 0,n ′ are of the same size, and J 0,n is surjective. Thus the J n,n ′ are both surjective and injective, as required.
(2) Take n 0 as above, so that rk p A/K n is constant and J n 0 ,n are isomorphisms for n n 0 . Then, by Lemma 7.1, | Sel
. Now the maps J n 0 ,n are isomorphisms and commute with φ, and the result follows.
Corollary 7.5. Let K ∞ = ∪ n K n be the l-cyclotomic tower of a number field K, and let φ : A → A ′ be an isogeny of abelian varieties over K.
Proof. For cyclotomic towers, torsion in A(K n ) is bounded by the Imai-Serre theorem (see [24] ). Corollary 7.6. Let Q ∞ = ∪ n Q(l n ) be the l-cyclotomic tower of Q, and let φ : E → E ′ be an isogeny of elliptic curves over Q.
Proof. By Kato's theorem [16] , the p ∞ -Selmer rank of E is bounded in the cyclotomic tower.
Selmer growth in towers
In this section we prove Theorems 1.1-1.3. This relies on the invariance of the Birch-Swinnerton-Dyer conjecture under isogeny (as in §3) and the explicit computations of periods Ω A , Ω A ′ , exterior form contributions Om φ , Tamagawa numbers and torsion from §2, §4, §5 and §6. In fact, Theorem 8.2 and Proposition 8.5 give an explicit description of the Selmer quotient in almost completely general towers of number fields. To obtain the statements for X, we also bound the contributions from the divisible part of Selmer using the results of §7. Notation 8.1. Let F/K be a Galois extension of number fields, and let φ : A → A ′ be an isogeny of abelian varieties over K. For a place v of K and a place w|v of F write
If
. is a tower of Galois extensions of K, we write e v,n , f v,n , n v,n for the ramification degree of v, the residue degree of v and the number of places above v in K n /K. In this setting, we also write γ v,n for the γ v for F = K n . Theorem 8.2. Let F/K be a Galois extension of number fields, and let φ : A → A ′ be an isogeny of abelian varieties over K. If the degree of φ is a power of p, then
where n v is the number of places of F above v. If φ has arbitrary degree, then the left-hand side and the right-hand side have the same p-part.
Proof. This a rephrasification of Corollary 3.2. Theorem 8.3. Let Q ∞ = ∪ n Q(l n ) be the l-cyclotomic tower, p a prime, and φ : E → E ′ an isogeny of elliptic curves over Q. Then for all large enough n,
some κ ∈ Z, and |ǫ(n)| 2 / 3 for p > 3, |ǫ(n)| 3 / 2 for p = 3 and |ǫ(n)
Proof. To find the Selmer quotient, we apply Theorem 8.2. The torsion contribution is eventually constant by Corollary 6.2. Now compute the γ v,n (see Notation 8.1) for K n = Q(l n ) and all primes v of Q. By Corollary 5.3, the product of Tamagawa quotients stabilises unless l 3, l| deg φ and E has wild potentially supersingular reduction at l. In that case, the term is of the form l ξ(n) with |ξ(n)| 1 when l = 3 and |ξ(n)| 2 when l = 2. By Corollary 4.7, the Om φ -term is 1 unless l = p and E has additive potentially supersingular reduction at l, in which case it is p l n 12
with |η(n)| bounded by 2 / 3 , 1 / 2 , 6 1 / 2 for p > 3, p = 3 and p = 2, respectively. The claim follows, with the asserted bounds for ǫ(n) = ξ(n) + η(n).
Corollary 8.4. Theorem 1.1 holds.
Proof. Combine Theorem 8.3 and Corollary 7.6.
. be a tower of Galois extensions of K, and φ : A → A ′ an isogeny of abelian varieties over K. For a prime v of K and a rational prime p, we have
A is semistable at v, or A is an elliptic curve which does not have additive potentially supersingular reduction at v, then ord p γ v,n is constant for sufficiently large n.
Suppose that v|p and A = E, A ′ = E ′ are elliptic curves with potentially good reduction at v.
as in Theorem 4.5. Then, for all sufficiently large n,
12 }, and z n is constant if E has tame reduction at v. 8.7 . Let K be a number field, p a prime, and
where the sum is taken over the primes v of bad reduction for E/K, and
Proof. We apply Theorem 8.2. The torsion contribution is O(1) by Proposition 6.1. All Archimedean places are totally split in K ∞ /K, since Z l has no elements of order 2, so γ v,n = 1 for v|∞. It remains to show that ord p (γ nv,n v,n ) = µ v l n + O(1) for primes v of K of bad reduction for E, E ′ . Because the inertia and the decomposition subgroups at v are closed subgroups of Z l , the possible local behaviours of K ∞ /K at v are
(2) K ∞ /K is not totally split but is unramified at v, so n v,n = c, e v,n = 1, f v,n = l n /c for some constant c and all large enough n.
some constants c 1 , c 2 and all large enough n; here necessarily v|l.
In the first case, Om φ (K n,w ) = 0 for w|v since K n,w = K v , and hence ord p (γ nv,n v,n ) = µ v l n . In the second case, Om φ is still 0 by Lemma 4.2(2), so γ nv,n v,n is a finite product of bounded quotients of Tamagawa numbers, which is O(1).
Assume we are in the third case. If v ∤ p or E does not have additive potentially good reduction at v, then ord p γ v,n is eventually constant by Proposition 8.5 (1) , and hence so is ord p (γ nv,n v,n ); in particular, it is again O(1). Also µ v = 0: either v ∤ p, or E, E ′ have good reduction at v and ord v ∆ E/K = ord v ∆ E ′ /K = 0, or E, E ′ have potentially multiplicative reduction (i.e. ord v j E < 0).
Suppose v|p and E has additive potentially good reduction at v. Now apply Proposition 8.5 (2) for p > 3, (4) for p = 3 and (5) for p = 2 (noting that by class field theory, all upper ramification groups in the inertia group of Gal(K ∞ /K) = Z l are of finite index) to find that 
If A is a general elliptic curve, then there is µ ∈ Q such that for all sufficiently large n,
Proof. We will apply Theorem 8.2. Note that the torsion contribution is O(1) by Proposition 6.1, so we can ignore it for the second claim. Fix a prime v of K. The decomposition group D v and the inertia group I v are closed Lie subgroups. So, for all sufficiently large n,
for some constants C 1 , C 2 , C 3 (that depend on v). If v ∤ l, then the tower K ∞ /K n is eventually tamely ramified at v, and dim I v 1. If v|l, then, on the contrary, all the upper ramification subgroups of I v are of finite index by Sen's theorem ( [26] §4, main Theorem).
We now compute ord p (γ nv,n v,n ) for every place v of K: v Archimedean. If v is real and stays real in the tower, or v is complex, then γ v,n = 1. Otherwise, γ v,n ∈ Q stabilises for large enough n, so ord p (γ nv,n v,n ) grows like Cl dn for a suitable C ∈ Q. v ∤ p or A/K v is semistable or A/K v is an elliptic curve that is not additive potentially supersingular. Again, ord p γ v,n is constant for large n, by Proposition 8.5 (1), so ord p (γ nv,n v,n ) grows like Cl n(d−dim Dv) for some C ∈ Q. v|p and A/K v is an elliptic curve. By Proposition 8.5, for large n,
with z n , µ v and ǫ v,n as in the proposition. (The proposition applies because either v|l and the upper ramification groups at v have finite index in I v , or v ∤ l and K ∞ /K n are eventually tamely ramified.) If e v,n → ∞, then dim I v 1 and ord p (γ nv,n v,n ) = Cl dn + O(l (d−1)n ) for some C ∈ Q. Otherwise, e v,n is eventually constant, as are z n and ǫ v,n by Remark 8.6. In that case ord p (γ 
Appendix. Conductors of elliptic curves in extensions
In this appendix we give bounds on the growth of conductors of elliptic curves in extensions of local fields. These results are independent of the rest of the paper, and do not rely on the presence of an isogeny.
Let K be a finite extension of Q l , and I K the inertia subgroup of Gal(K/K). We will be interested in continuous representations χ :
other words those with finite image. We write I n for the upper ramification groups of I K . We denote by f χ , f E , ... the conductor exponent of a representation, an elliptic curve etc. We set m 1 = −1.
Lemma 9.2. Let χ and ρ be irreducible continuous representations of
Proof. (1) See [28] Ch. 6, §2, Exc. 2. (This is formulated in [28] on the level of finite extensions, but the definition extends directly to the whole of I K , since upper ramification groups behave well under quotients.) (2) Clear. (3) By (2), the group I mχ acts trivially on ρ and non-trivially on χ. As I mχ ⊳ I K and χ is irreducible, χ has no invariants under I mχ . Therefore ρ ⊗ χ has no invariants either, and so each irreducible constituent τ of ρ ⊗ χ has m τ m χ . On the other hand, clearly I m acts trivially on ρ ⊗ χ for m > m χ , so m τ = m χ and f τ = fχ dim χ dim τ by (1). Taking the sum over τ , we deduce that
(4) As in (3), let τ be an irreducible constituent of ρ ⊗ χ. For m > m χ , the group I m acts trivially on χ and on ρ, and therefore on τ . Therefore, by (2), m τ < m, and taking the limit m → m χ gives m τ m χ . By (1), f τ fχ dim χ dim τ , and taking the sum over τ as in (3) gives the claim. Theorem 9.3. Let K be an l-adic field, and ρ : I K → GL d (C) a non-trivial continuous irreducible representation. Take n > fρ dim ρ − 1, and write N = I n for the nth ramification subgroup (in the upper numbering) of I K . Then for every finite extension F/K,
Proof. Because conductors and the upper numbering remain unchanged in unramified extensions, we may assume that F/K is totally ramified. Decompose Ind F /K 1 = τ ∈J τ , with τ irreducible. By the conductor-discriminant formula,
Let J N ⊂ J be the (multi-)set of τ which factor through I K /N . Then
by the same argument. However, m τ n > m ρ for τ / ∈ J N by Lemma 9.2(2), and so the terms f ρ⊗τ − d f τ are 0 by Lemma 9.2(3) for such τ . This proves the equality f Res F ρ = f Res F N ρ .
For the inequality, first observe that by the argument above,
where J ρ ⊂ J N is the set of τ ∈ J for which m τ m ρ . By Lemma 9.2(3),(4), noting that dim τ f τ for every τ = 1, we have
which gives the claim, as we assumed that F/K is totally ramified.
Theorem 9.4. Let K be an l-adic field, and E/K an elliptic curve with additive reduction. Take n > f E 2 − 1 and write N = I n for the nth ramification subgroup (in the upper numbering) of Gal(K/K). Then for every finite extension F/K,
Proof. Write L = F N . Let V be the Weil-Deligne representation associated to the firstétale cohomology of E/K, and ρ its 'Weil part' (i.e. the semisimplification of H 1 et (E, Q ℓ ) ⊗ C for some ℓ = l). Either ρ is irreducible or it is a sum of two one-dimensional characters ψ 1 , ψ 2 of the same conductor (because ψ 1 ψ 2 = det ρ is the cyclotomic character, which is unramified). The conductor depends only on the action of the inertia group, so, applying Theorem 9.3 either to ρ directly or to the ψ i , we find that f Res F ρ = f Res L ρ . Now, if E/K has potentially good reduction, then V is a Weil representatation and f E = f ρ , so the result follows from Theorem 9.3. If E/L has multiplicative reduction, then f E/F = f E/L = 1, and the result again follows.
Finally, suppose E/L has additive potentially multiplicative reduction. By Theorem 9.3,
Over any field where E has additive reduction, f E = f ρ 2. This fact over L together with the formula shows that f Res F ρ 2, in particular E has additive reduction over F. Thus E has additive reduction over all three fields, and the formula then translates to the claim in the theorem.
Corollary 9.5. Let K be an l-adic field, and K ∞ /K a possibly infinite Galois extension. Let E/K be an elliptic curve with additive reduction. Suppose that for some n > f E 2 − 1, the upper ramification subgroup I n K∞/K of the inertia group of K ∞ /K has finite index e. Then for every finite extension L of K in K ∞ , f E/L e(f E/K − 2) + 2.
Proof. Clear, since e L In /K = e L I /K e, where I = I n K∞/K . Corollary 9.6. Let K be an l-adic field, and K ∞ /K a Galois extension whose Galois group is an l-adic Lie group. Then there is a constant C > 0 such that every elliptic curve E/K has conductor exponent f E/L C over all finite extensions L of K in K ∞ . Moreover, if K ∞ = m K m with K m /K finite Galois, then f E/Km stabilises as m → ∞.
Proof. This is clear for curves with good and multiplicative reduction. If E/K has additive reduction, by [22] Thm. 1 the conductor exponent f E/K is at most 2, 3v K (3) + 2 and 6v K (2) + 2 when l 5, l = 3 and l = 2, respectively. By Sen's theorem ( [26] §4, main Theorem), I n K ∞ /K ⊳ I K ∞ /K is of finite index for every n, so the two claims follow from Corollary 9.5 and Theorem 9.4.
